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1 Introduction

Contract theory is a well established branch of economics. Auctions, procurement,

regulation, insurance, corporate governance and many other fields have been revitalized

by the introduction of contract theory. A “contract problem” is defined as follows: we

distinguish two classes of players, the principals who playfirst and offer contracts. The

second class of players, the agents, observe the offers madeby the principals; they

accept some of them and they may undertake some actions.

In this class of games, the issue of communication is interesting and has been one

the most studied features of contract theory. The class of single-principal games is

formally well understood. When the (unique) principal offers a contract to the agent

and centralizes communication, Myerson [11] has shown thatone can restrict attention

to contracts such that

• The principal asks (privately) each agent for his information, and sends to each

agent a private recommendation over his non-contractible actions;

• The contract must be such that the agents reveal their information (they are hon-

est) and they follow the principal’s recommendation (they are obedient).

In other words, the restriction to incentive compatible direct mechanisms causes no loss

of generality.1 This result is a cornerstone of contract theory: it providesa simple and

elegant methodology for characterizing equilibria in single agent models.

Unfortunately, this elegant result does extend to multiprincipal games. Peck [13],

Peters [14] and Martimort & Stole [9] have provided various counterexamples.2 For

single-agent games, Peters [14] and Martimort & Stole [9] have shown, without loss of

generality, that we can assume principals compete through “menus”. In other words,

one can assume that principals offer a subset, or “menu”, of all possible outcomes, and

the (unique) agent chooses his favorite outcome in each menu. However, as Peters [14]

1This result was discovered simultaneously by several researchers; see for example Gibbard [7],
Myerson [10], Dasgupta et al. [5], or Harris & Townsend [8]. The result of Myerson [11] result can be
considered the most general version. The relation between direct mechanisms incentive compatibility and
the concept of correlated equilibrium, introduced by Aumann [4], is discussed by Myerson [12].

2In the presence of restrictive assumptions on players’ preferences, the restriction to direct mecha-
nisms can be justified; see Peters [15], Attar et al. [2], Attar et al. [3] and Peters [16].
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observes, the concept of menu cannot be extended to multiprincipal multiagent games.

If a principal offers a subset of all possible outcomes to each agent, they may respond

with different outcomes to the same principal, who would notthen know which outcome

to implement. There is no simple methodology for the characterization of equilibria in

multiprincipal multiagent games.

Epstein & Peters [6] propose a set of mechanisms for characterizing all equilibria

of every multiprincipal multiagent game. They expand the concept of information by

arguing that information should include also the mechanismoffered by other principals.

Hence, in a two-principals framework, a principal should ask the agent not only his

type but also the mechanisms offered by the other principal.This true for the second

principal as well. There is then a difficulty in defining a direct mechanism. Epstein &

Peters [6] have shown that this problem can be overcome and that mechanisms exist that

permit the transfer of the right information from the agentsto the principals.

In the present note a different conclusion is reached. It will be argued that one

cannot restrict attention to incentive compatible equilibria even if the concept of in-

formation is widened. In a multiprincipal framework, incentive compatibility leads to

restriction in the agents’ behaviors: If every agent reveals his information (his type and

the mechanisms offered, defined appropriately) then by definition he plays a pure strat-

egy. It will be argued that some outcomes sustained by equilibria in which agents play

mixed strategies cannot be sustained by equilibria in whichagents play pure strategies

alone.

2 Multiprincipal Multiagent games

Here, a generalized version of Martimort & Stole [9] is presented in which several

agents are considered. Each agent knows his type, but other agents and principals have

only uncertain knowledge of this information.

We consider a situation in which a number of principals (indexed by j ∈ N =

{1, ...,n}) are contracting with several agents (indexed byi ∈ M = {1, ...,m}). Each

principal j has to take a decisiony j ∈Yj , whereYj is a compact metric space.
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Each agenti knows the realization of a random variableωi . This random variable

is defined over the setΩi . To keep the analysis simple, all sets will be taken as finite.

Define the setΩ =×i∈MΩi. The principals know only the probability distributionf over

setΩ by which the random variable(ωi)i∈N is drawn. The probability distributionf is

common knowledge. The corresponding cumulative distribution function is denoted as

F .

Each principal j can communicate and contract with every agenti. Each agent

i sends privately a messageci
j in the setCi

j to each principalj. Hence each principal

receives an array of messagesc j =
(

c1
j ,c

2
j , . . . ,c

m
j

)

, based on which he makes a decision.

The setsCi
j are taken to be compact and metric (for alli and j), but they can be arbitrarily

large; in particular, we may have
∣

∣

∣
Ci

j

∣

∣

∣
>

∣

∣Ωi
∣

∣.

Formally, the set of feasible contractsA j for principal j is taken to be the set of

measurable mappings:

γ j : ∏
i∈M

Ci
j → ∆

(

Yj
)

, (1)

We denote these mappings as “contract mechanisms;” they describe the strategies avail-

able to principali. Principali is able to commit based on these mechanisms. A mech-

anism can be seen as a rule in operation. There are two standard, but restrictive, as-

sumptions. First, a principal is not able to write a contractcontingent on the contracts

offered by other principals. In that sense, contracts are incomplete. Second, contracts

are public: Principals announce simultaneously their mechanisms to all agents.

Finally, we consider here “stochastic mechanisms,” ratherthan “deterministic”

mechanisms which are mappings from∏
i∈M

Ci
j to Yj .

Importantly, if attention is restricted to deterministic mechanisms even in single-

principal models, the restriction to incentive compatiblemechanisms entails loss of

generality. To generalize, therefore, all minimal assumptions needed in single principal

models are retained.3

We solve the game backwards. At the last stage, the agents have observed the mech-

anisms chosen by the principals. Each agent has to send a message to each principal, so

3See Strausz [17] and Attar et al. [1] for a discussion of the role of stochastic mechanisms in multia-
gent models.

4



that a strategy for an agent at this stage is:

λi
c : Ωi × ∏

j∈N
A j → ∏

j∈N
Ci

j . (2)

We denote byLi
c the collection of such pure strategies.

The payoffs of principalj ∈{1, ...n} are represented by the von Neumann-Morgenstern

utility functions

v j : ∏
j∈N

Yj × ∏
i∈M

Ωi → [0,1] . (3)

For the agents, payoffs are represented by the von Neumann-Morgenstern utility func-

tions:

ui : ∏
j∈N

Yj × ∏
i∈M

Ωi → [0,1] . (4)

We callan “outcome” the lottery over∆
(

∏J∈{1,2,...,n}Yj
)

induced by the strategies

played by the players. If these strategies constitute an equilibrium, the resulting outcome

will be called an “equilibrium outcome”. We call the expected utilities associated with

an outcome an “output” of the game. In the same way, if an output is associated with an

“equilibrium outcome”, it is called an “equilibrium output”.

3 Universal Message Spaces and Incentive Compatible

Mechanism

In this section, three concepts are defined:generalized direct mechanisms, incentive

compatibility, and an extended version of theRevelation Principle.

First, we define a “generalized direct” mechanism as a map

d j : TM ×Ω → ∆
(

Yj
)

, (5)

We denote byD j the set of all generalized direct mechanism, and the collection of those

sets isD, i.e;D = ∏ j∈N D j . The setT is a “language” describing the mechanisms, i.e.T

is such that a one-to-one mapψ exists fromT to D. We do not discuss the construction
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of these mechanisms. Epstein & Peters [6] provide a completeanalysis of the existence

of such complex mechanisms.4

Second, ageneralized directmechanismd j is incentive compatible for principalj

if and only if for every collection of mechanismsd− j an equilibrium of the continuation

game exists in which for all collections of typeθ in Θ each agenti sends the message
(

θi∗, t i∗
)

to the principalj. If such equilibria exist, we assume that agents coordinateon

it.

Third, in this context aRevelation Principlewould be written as:

Revelation Principle Any equilibrium of a multiprincipal multiagent game can be

reproduced in a game in which principals are allowed to offer incentive compatible

mechanisms only.

But this statement is wrong, as shown in the next section.

Remark 1 Let us consider a particular restriction: a game with no incomplete infor-

mation, i.e;

∀i ∈ M,
∣

∣Ωi
∣

∣ = 1. (6)

Then every principal is offering incentive compatible mechanisms: agents reveal their

information and hence play pure strategies.

It is clear that, on the equilibrium path, agents’ behavior is deterministic. They all send

the same messaget ∈ T if the principals each play a pure strategy, and send a message

in T for each realization of the mixed strategies if principals mix over mechanisms.

Consider now a deviation by a principal toward another mechanism. Since we

consider incentive compatible mechanisms only, agents still reveal their information and

hence exhibit deterministic behavior; they continue to reveal the truth to all principals.

If the principals were playing pure strategies then they allsend to all other principals

the same messaget ′ ∈ T corresponding to the new situation. Or they all send the same

4Epstein & Peters [6] allow agents to take action, in which respect they are more general than the
present work. Since the present result is a negative one, this loss of generality is problematic. Moreover,
Epstein & Peters [6] restrict attention to symmetric games to keep their notation simple, although it has
no effect on their results.
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message inT corresponding to the realization of the mixed strategies ifthe principals

were playing mixed strategies.

Our argument is based on this observation.

4 The impossibility of a Revelation Principle

There are three principals (called Principal 1, Principal 2and Principal 3) and two

agents (called Agent 1 and Agent 2). There is no incomplete information, so that

∀i ∈ M,
∣

∣Ωi
∣

∣ = 1. (7)

Principal 1 chooses an allocation in the set∆(Y1), whereY1=
{

y1
1,y

2
1

}

. Similarly,

Principal 2 chooses an allocation in the set∆(Y2), whereY2=
{

y1
2,y

2
2

}

, and Principal 3

chooses an allocation in the set∆(Y3) whereY3=
{

y1
3,y

2
3

}

.

Agents have no private information, and do not take any action. In a game without

communication, they would not play any role.

The payoffs are given by the following matrices; if Principal 3 implementsy3, the

payoffs are:

y1
2 y2

2

y1
1 (1,1,2,1,2) (−50,−50,−50,−50,−50)

y2
1 (−50,−50,−50,−50,−50) (1,1,0,1,0)

y1
2 y2

2

y1
1 (1,1,0,1,0) (−50,−50,−50,−50,−50)

y2
1 (−50,−50,−50,−50,−50) (1,1,2,1,2)

The five elements in each cell respectively denote the utilities of Principal 1, Principal 2,

Principal 3, Agent 1 and Agent 2.

Consider now the following indirect mechanism. Principal 1,Principal 2 and Prin-

cipal 3 are allowed to communicate with the agents, the message spaces being the same

∀i, j Ci
j = {m1,m2,m3,m4}. Suppose that Principal 1 (resp. Principal 2) chooses the
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following mechanisms (denotedγ1, respγ2): If he receives messagem1 or m4 from

Agent 1, he implements the decisionsy1
1 (resp.y1

2). If from the same agent he receives

the messagem2 or m3, he implements the allocationy2
1 (resp.y2

2). Principal 1’s mecha-

nism (resp. Principal 2’s mechanism) is independent of Agent 2’s message. Principal 1

and Principal 2 choose their allocation according to the message sent by Agent 1 only.

Principal 3 chooses the allocationy1
3 whatever messages he receives. We denote

this message byγ3.

Agent 1 sends messagem1 to both Principal 1 and Principal 2 with probability1/2,

and messagem2 to both Principal 1 and Principal 2 with the same probability. He sends

messagem3 to principal 3 with probability 1. He maintains this behavior no matter what

Principal 3’s strategy is. For our argument, it is not necessary to describe Agent 2’s

strategy. We shall suppose that at equilibrium he sends messagem3 to all principals.

Principal 1 and Principal 2 have no profitable deviation: They get their maximal

payoff. Principal 3 also has no deviation. To improve his utility, Principal 3 would like

to take a decision correlated with Agent 1’s messages to the other principals. If Agent 1

sends messagem1, he would like to implementy1
3 andy2

3 in the other case. Since Agent 1

does not send to Principal 3 messages correlated with the message he sent to the other

principal, this is never possible.

We shall argue that the outcome sustained by the former equilibrium cannot be

sustained by an equilibrium in which the agents play pure strategies.

First, given the payoffs that we want to implement, the outcome must be stochastic.

Since agents are playing pure strategies, it is necessary toconsider an equilibrium in

which Principal 1 and Principal 2 mix mechanisms.

Suppose that Principal 1 mixes equally over two mechanisms,γ′1 andγ′′1. Principal 2

similarly mixes equally over two mechanisms,γ′2 andγ′′2.5 Suppose the mechanisms are

5Let us defineγ′1 as the following mechanism: If Principal 1 receives the messagem1 or m3 from
Agents 1, he implements the decisionsy1

1. If from the same agent he receives the messagem2 or m4, he
implements the allocationy2

1. The message sent by Agent 2 has no importance. The mechanismγ′′1 is
similar, except that Principal 1 implementsy1

1 when he receives messagesm1, m3 or m4. Mechanismsγ′2
andγ′′2 are constructed in the same way, withy1

2 andy2
2 respectively replacingy1

1 andy2
1.
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such that, if Agent 1 sends messagemi to principal j, he implements the decisionyi
j . As

above, the message sent by Agent 2 has no importance.

Let us assume that Agent 1 send the messagem1 to both principals ifγ′1 and γ′2
are realized or ifγ′′1 andγ′′2 are realized. In other cases he sends messagem2 to both

principals. He maintains this behavior for every mechanismoffered by Principal 3.

If Principal 3 adopts the former mechanisms, the outcome is preserved. But now he

has no incentive to do so. Since mechanisms are public, Agent2 knows the realisation

of the mixed strategies. He is able to send a message to Principal 3, who can then im-

plement the right outcome from his point of view. Principal 3could adopt a mechanism

having the following form: If Agent 2 sends messagem1, Principal 3 implementsy1
3. If

he receives the messagem2 from Agent 2, he implementsy2
3.

Does there exist a way of punishing Principal 3 if he adopts this mechanism? If

we keep the constraint that agents must play pure strategies, the answer is no. To get

an output equivalent equilibrium, we would like Principal 1and Principal 2 to mix the

mechanismsγ′1, γ′2, γ′′1 and γ′′2, and Principal 3 plays the mechanismγ3. As we have

seen,γ3 is not necessarily a best reply for Principal 3. For Principal 3 to adopt such

a strategy, we should make any deviation fromγ3 unprofitable. Since Agent 2 has the

same preference as Principal 3, the only way to do that is through Agent 1. Let us

assume that if Principal 3 plays the mechanismγ3, Agent 1 behaves as described above:

• He sends a message according to the realization of the mixedstrategies of Prin-

cipal 1 and Principal 2.

• If Principal 3 plays the mechanismγ′3 then Agent 1 sends messagem3 to both

Principal 1 and Principal 2.

Such behavior is optimal for Agent 1 only if he gets a payoff of1 by sending the

messagem3, which he can get by ignoring Principal 3’s deviation. This means that

the mechanismsγ′1, γ′2, γ′′1 andγ′′2 are such that Principal 1 and Principal 2 respectively

implementy1
1 and y1

2 when they receive the messagem3 (or equivalentlyy2
1 and y2

2).

If, then, Agent 1 adopts such a (pure) strategy, Agent 2 easily adapts his strategy by

sending the appropriate message to Principal 3, herem1.
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Finally, if Agent 1 could adopt a more sophisticated behavior, a pure strategy contin-

gent on the realization of the pure strategies of Principal 1and Principal 2, our argument

would remain valid.

It follows that the previous equilibrium outcome cannot be sustained by an equilib-

rium in which the agents are playing pure strategies. The argument does not depend on

the message sets and hence can be reproduced if we consider the setT. We conclude

that our reference outcome cannot be sustained by incentivecompatible mechanisms,

even by enlarging the concept of incentive compatibility.

5 Discussion

We have considered an example of an outcome sustained by mixed strategy equilibrium.

Specifically, an agent play a mixed strategy. It is not possible to reproduce an equivalent

equilibrium in which only principals would play mixed strategies, because information

plays a crucial role: If agents mix strategies then no playerknows the realization of

these mixed strategies. If principals mix mechanisms, agents observe the realization

of the mixed strategies and can therefore transmit some strategic information to the

principals.

Hence, direct mechanisms, even in their extended version, are not as general as in-

direct mechanisms. To match the generality of indirect mechanisms, direct mechanisms

must allow agents to mix pure strategies. Hence all mechanisms based on incentive

compatibility cannot be satisfactory.
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